The multistage queue model was developed for a situation where parallel and unrelated queues exist at the first stage only. These queues merged into single queues at the remaining stages. The parallel queues offer services that are different from one another and customers arrive to join the queue that offer services that they need. The mathematical model was developed assuming an M/M/1 queue system and the measures of effectiveness were derived. The model was applied to solve the problem of customer congestion in a restaurant in the city of Ibadan, Nigeria that serves three different local delicacies. The three local delicacies constitute three different queues at the first stage. The second stage consists of only one queue which is for purchase of drinks and the third stage which is the last stage is for payment. Every customer in the restaurant passes through the three stages. Utilization factors for the five queues were determined and found to range from 70% to 97%. The average time spent by customers in the system was found to be 543.04 minutes. A simulation study using what-if scenario analysis was performed to determine the optimum service configuration for the system. The optimum configuration reduced average time for customers in the system from 543.04 minutes to 13.47 minutes without hiring new servers.
Introduction
Queue is a common phenomenon. It occurs in all aspects of life. Queue involves waiting in line. We wait in line in our cars in traffic jams or at toll booths; we wait on hold for an operator to pick up our telephone calls; we wait in line at
Characteristics of a Queue System
Queue processes are describe by six basic characteristics, which provide adequate representation of the queue system. The characteristics are 1) arrival pattern of customers, 2) service pattern of servers, 3) queue discipline, 4) system capacity, 5) number of service channels, and 6) number of service stages [1] .
Sundarapandian [2] gave the followings as the basic characteristics of a queue system. 1) the input or arrival pattern 2) the service mechanism 3) the queue discipline and 4) the system capacity. Nevertheless, these two researchers are talking about the same thing. Gross et al. [1] provides an excellent explanation of 
Performance Measures of a Queue System
In this work we study a multistage queue system with a certain number of independent parallel servers and multiple queues at all or some of the stages. i.e. 
Methodology
The multistage queue system consists of various stations through which a customer requiring service from such system would have to pass. This contains networks of queues which can be described as a group of nodes (say, k of them) that is we have k number of nodes, where each node represents a service facility In the most general cases, customers may arrive from outside the system at any node and may depart from the system from any node. Thus customers may enter the system at some node, traverse from node to node in the system, and depart from some node. Not all customers necessarily enter and leave at the same nodes, or take the same path once they entered the system. Customers may return to nodes previously visited, skip some nodes entirely, and even choose to remain in the system forever [1] .
A multistage queue system or queues in series as described in [3] are open networks where
and
since the nodes can be viewed as forming a series system with flow always in a single direction from node to node. This is supported by a remarkable theorem propounded by Jackson [3] that if 1) inter-arrival times for a series queue system are exponential with rate γ 2) service times for each stage j server are exponential and 3) each stage has an infinite-capacity waiting room, then inter-arrival times to each stage of the queue system are exponential with rate γ, the arrival rate of each customer from node to node.
Operating Parameters and Notations
The following system operating parameters and notations were used in this research work. N = total number of customers in the system. β = mean arrival rate at a single-channel, single server queue.
= mean service rate of a single channel, single server queue.
= system intensity or load, utilization factor. P 0 = steady-state probability of an idle server. P n = steady-state probability of exactly n customers in the system. β i = mean arrival rate of customers at the i th queue of the first stage. W s = expected waiting time of a customer in the multistage queueing system. P c = probability that there are exactly C customers at 2-k stages. P v = probability that there are exactly V customers at the first stage.
The Multi-Stage Queue Model
We assume there are k stages in the queue model and stage 1 has h parallel single-server queues which are assumed to be independent. That is, they offer different services. It is also assumed that there is no balking, reneging or jockeying in the system; the , 1, 2, ,
queue follows a M/M/1 queue system; the system is a feed-forward queue network and bypassing is not allowed. Let the arrival rate at the , 1, 2, ,
β and the service rate be i τ . Suppose the probability that an arriving customer joins queue i is i π . We want to determine the effective rate of arrival and service in the first stage. The general traffic intensity for stage one is given as
The arrival rate to stage 2 is given by 2 12 1 γ δ γ = . This holds since the system is a feed-forward network and bypassing is not allowed. Recursively,
The joint equilibrium distribution of the number of customers in the system is ( ) ( )
The total expected number of customers in the system is
The total expected waiting time of an arbitrary customer in the queues formed at all stages (W q ) is ( ) ( ) 
For details of the derivations of these measures go to Appendix.
Simulation
Simulation is a powerful tool for the analysis of new system designs, retrofits to existing systems and proposed changes to operating rules. Conducting a valid simulation is both an art and a science [4] . Stewart [5] defines simulation as imitation of real-world scenario systems. The system might be manufacturing system, communication system, health-care system, restaurant system etc. There are many types and kinds of simulation namely: Monte Carlo-type simulation, discrete-event simulation to mention but few. In this research work, we limit ourselves to discrete, stochastic process oriented simulation i.e. a discrete-event simulation.
Simulation models are abstractions of a real-world, or proposed real-world, system. In other words, the models do not contain every aspect and detail of the system that they are attempting to imitate [6] .
The majority of simulation models could be described as being visual interactive simulations (VIS). This was a concept first introduced in [7] . The idea is that the model provides a visual display showing an animation of the model as it runs.
We use SIMUL8, a software package fortified with dynamic, powerful Graphical User Interface (GUI) to carry out a visual interactive discrete-event simulation of customers flow in the multistage queue system. The what-if scenario analysis to compare a number of system alternatives was also performed. It allows for the identification of problems, bottlenecks and design shortfalls before building or modifying a system. 
Results and Discussion

Simulation Runs
A simulation model was fitted to the system using the inter arrival times and the service times. Both are exponentially distributed. The basic model as displayed in Figure 3 was simulated for a time equivalent of 2 weeks of operation. The average or expected waiting time of customers at each node and average or expected lead-time were obtained and displayed in Table 3 .
Based on a two-week simulation run of the restaurant system, the average time spent on the 1 st queue at stage 1 for local delicacy 1 (Amala) by an arbitrary customer was 46 mins, likewise 3 mins on the 2 nd queue for local delicacy 2 and 2 
Performing What-If Scenario Analysis
We noticed that there were bottlenecks at category I (local delicacy group 1) service point of stage I and Paypoint service point. We, therefore, perform a what-if scenario analysis to compare alternatives and reduce both time spent in queues and time spent in the system as a whole. This was done by shifting the server attending to customers interested in local delicacy 3, being the least utilized activity to join the one at Paypoint where a bottleneck was observed. The server at local delicacy 2 service centre was assigned to attend to those who would be interested in local delicacy 2. The model is shown in Figure 4 .
The summary of the analysis is given Table 4 .
The average time spent in the system has been reduced from 543.02 mins to 42.81 mins and the average queue time at Paypoint has also been reduced (Table   4 ). This is a great improvement but we observed that large queue still occurred at local delicacy 1 service point. Time spent here is still 46 min. To improve on this we used the configuration in Figure 5 .
The average time spent by a customer in the system has reduced further to 13.47 mins (Table 5 ). Also local delicacy 1 now enjoys zero waiting time.
Discussion
The analytical results show that at any point in time as many as 76 customers are present in the system. The utilization factors for the five queues in the system range from 70% to 97% (Table 2 
Conclusion
This study has shown an application of queue theory in analyzing a multistage queue system consisting of M/M/1 (Poisson arrivals, exponential service times, a single server and infinite room capacity) queue models. Evaluation of performance measures for the queues were done after deriving expressions for the effectiveness measures. We assessed the level of service delivery through utilization factors of each M/M/1 queue. We found out that majority of the servers are well utilized as revealed by the values of the utilization factors obtained. Also, discrete-event simulation that gave close imitation of the system was developed and run to visualize and ascertain the feasible operations of the system. What-if scenario analysis was carried out in order to make vital and necessary suggestions for decision-making that will improve the efficiency of the system. The method led to significant reduction in the waiting time of an arbitrary customer in the system by resolving areas where bottlenecks were observed in the system.
It akso provides an effective mean of managing the queues for maximum customer satisfaction at no additional cost. 
Using normalizing condition, 
Substituting RHS of Equation (8) for ( ) 0 P in Equation (7) We get, 
and substitute in the summation.
Thus, it follows that ( ) 
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